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In this paper we introduce the class of generalized (ψ, ϕ)-weak contractive mappings. We
establish that these mappings necessarily have a unique common fixed point in complete
metric spaces. This result generalizes an existing result in metric spaces.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
A mapping T : X → X , where (X, d) is a metric space, is said to be contraction if there exists k ∈ (0, 1) such that
d(Tx, Ty) ≤ kd(x, y), ∀x, y ∈ X . (1)
If the metric space (X, d) is complete then the mapping satisfying (1) has a unique fixed point (Banach contraction mapping
principle). Inequality (1) also implies the continuity of T .
Generalization of the above contraction mapping has been a very active field of research during recent years. Weakly
contractive mappings have been dealt with in a number of papers [1–5]. Here in this paper, we consider several such
generalizations and prove a theorem which generalizes these results.
Rhoades [1] assumed a weakly contractivemapping T : X → X which satisfies the condition
d(Tx, Ty) ≤ d(x, y)− ϕ(d(x, y)), (2)
where x, y ∈ X and ϕ : [0,∞) → [0,∞) is a continuous and nondecreasing function such that ϕ(t) = 0 if and only if
t = 0. If one takes ϕ(t) = kt where 0 < k < 1, then (2) reduces to (1). Rhoades obtained the following result.
Theorem 1.1 (See [1]). If T : X → X is a weakly contractive mapping, where (X, d) is a complete metric space, then T has a
unique fixed point.
Introducing a new generalization of contraction principle, Dutta and Choudhury [6] proved the following theorem.
Theorem 1.2 (See [6]). Let (X, d) be a complete metric space and let T : X → X be a self-mapping satisfying the inequality
ψ(d(Tx, Ty)) ≤ ψ(d(x, y))− ϕ(d(x, y)), (3)
where ψ, ϕ : [0,∞)→ [0,∞) are both continuous and monotone nondecreasing functions with ψ(t) = ϕ(t) = 0 if and only
if t = 0. Then T has a unique fixed point.
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Zhang and Song [7] used generalized ϕ-weak contraction which is defined for two mappings and gave conditions for
existence of a common fixed point.
Theorem 1.3 (See [7]). Let (X, d) be a complete metric space, and T , S : X → X two mappings such that for all x, y ∈ X
d(Tx, Sy) ≤ M(x, y)− ϕ(M(x, y)), (4)
where ϕ : [0,∞)→ [0,∞) is a lower semi-continuous function with ϕ(t) > 0 for t ∈ (0,∞) and ϕ(0) = 0,
M(x, y) = max
{
d(x, y), d(Tx, x), d(Sy, y),
1
2
[d(y, Tx)+ d(x, Sy)]
}
. (5)
Then there exists the unique point u ∈ X such that u = Tu = Su.
2. Main results
In this section we established a fixed point theoremwhich generalized Theorem 1.3. The idea is in line with Theorem 1.2
where a generalization of Theorem 1.1 has been established by use of a control function.
Theorem 2.1. Let (X, d) be a complete metric space and let T , S : X → X be two self-mappings such that for all x, y ∈ X
ψ(d(Tx, Sy)) ≤ ψ(M(x, y))− ϕ(M(x, y)), (6)
where
(a) ψ : [0,∞)→ [0,∞) is a continuous monotone nondecreasing function with ψ(t) = 0 if and only if t = 0,
(b) ϕ : [0,∞)→ [0,∞) is a lower semi-continuous function with ϕ(t) = 0 if and only if t = 0,
(c) M is defined by (5).
Then there exists the unique point u ∈ X such that u = Tu = Su.
Proof. We prove the theorem in several steps.
1. For any x0 ∈ X we construct the sequence {xn} for n ≥ 0 recursively as
x2n+1 = Sx2n, x2n = Tx2n+1 (7)
and prove that d(xn, xn−1)→ 0 as n→∞.
Suppose now that n is an odd number. Substituting x = xn and y = xn−1 in (6) and using properties of functions ψ and
ϕ, we obtain
ψ(d(xn+1, xn)) = ψ(Txn, Sxn−1)
≤ ψ(M(xn, xn−1))− ϕ(M(xn, xn−1))
≤ ψ(M(xn, xn−1))
which implies that
d(xn+1, xn) ≤ M(xn, xn−1).
Now from triangle inequality for dwe have
M(xn, xn−1) = max
{
d(xn, xn−1), d(xn+1, xn), d(xn, xn−1),
1
2
(d(xn−1, xn+1)+ d(xn, xn))
}
= max
{
d(xn, xn−1), d(xn+1, xn),
1
2
(d(xn−1, xn+1))
}
≤ max
{
d(xn, xn−1), d(xn+1, xn),
1
2
[d(xn−1, xn)+ d(xn, xn+1)]
}
.
If d(xn+1xn) > d(xn, xn−1), thenM(xn, xn−1) = d(xn+1, xn) > 0. It furthermore implies that
ψ(d(xn+1, xn)) ≤ ψ(d(xn+1, xn))− ϕ(d(xn+1, xn))
which is a contradiction.
So, we have
d(xn+1, xn) ≤ M(xn, xn+1) ≤ d(xn, xn−1). (8)
Similarly, we can obtain inequalities (8) also in the case when n is an even number. Therefore, the sequence {d(xn+1, xn)}
is monotone nonincreasing and bounded. So,
lim
n→∞ d(xn+1, xn) = limn→∞M(xn, xn−1) = r ≥ 0.
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Letting n→∞ in inequality
ψ(d(xn+1, xn)) ≤ ψ(M(xn, xn−1))− ϕ(M(xn, xn−1))
we obtain ψ(r) ≤ ψ(r)− ϕ(r)which is a contradiction unless r = 0. Hence,
lim
n→∞ d(xn, xn+1) = 0. (9)
2. Next we prove that {xn} is a Cauchy sequence. Because of (9) it is sufficient to show that the subsequence {x2n} is a
Cauchy sequence. Suppose opposite, that {x2n} is not a Cauchy sequence. Then there exists ε > 0 for which we can find
subsequences {x2m(k)} and {x2n(k)} of {x2n} such that n(k) is smallest index for which
n(k) > m(k) > k, d(x2m(k), x2n(k)) ≥ ε.
This means that
d(x2m(k), x2n(k)−2) < ε. (10)
From (10) and triangle inequality
ε ≤ d(x2m(k), x2n(k))
≤ d(x2m(k), x2n(k)−2)+ d(x2n(k)−2, x2n(k)−1)+ d(x2n(k)−1, x2n(k))
< ε + d(x2n(k)−2, x2n(k)−1)+ d(x2n(k)−1, x2n(k)).
Letting k→∞ and using (9) we can conclude that
lim
n→∞ d(x2m(k), x2n(k)) = ε. (11)
Moreover, from
|d(x2m(k), x2n(k)+1)− d(x2m(k), x2n(k))| ≤ d(x2n(k), x2n(k)+1)
|d(x2m(k)−1, x2n(k))− d(x2m(k), x2n(k))| ≤ d(x2m(k), x2m(k)−1)
using (9) and (11) we get
lim
n→∞ d(x2m(k)−1, x2n(k)) = limn→∞ d(x2m(k), x2n(k)+1) = ε (12)
and from
|d(x2m(k)−1, x2n(k)+1)− d(x2m(k)−1, x2n(k))| ≤ d(x2n(k), x2n(k)+1)
using (9) and (12) we get
lim
n→∞ d(x2m(k)−1, x2n(k)+1) = ε. (13)
Also, from the definition ofM (Eq. (5)) and from (9) and (11)–(13) we have
lim
n→∞M(x2m(k)−1, x2n(k)) = ε. (14)
Putting x = x2m(k)−1, y = x2n(k) in (6) we have
ψ(d(x2m(k), x2n(k)+1)) = ψ(d(Tx2m(k)−1, Sx2n(k)))
≤ ψ(M(x2m(k)−1, x2n(k)))− ϕ(M(x2m(k)−1, x2n(k))).
Letting k→∞ and using (12) and (13) we get
ψ(ε) ≤ ψ(ε)− ϕ(ε) (15)
which is a contradiction with ε > 0. Thus, {x2n} is a Cauchy sequence and hence {xn} is a Cauchy sequence. In complete
metric space X there exists u such that xn → u as n→∞.
3. Let us now prove that u is fixed point for T and S. As in [7] (proof of Th.2.1) we can argue that M(u, x2n) = d(u, Tu).
Since
ψ(d(Tu, x2n+1)) = ψ(d(Tu, Sx2n)) ≤ ψ(M(u, x2n))− ϕ(M(u, x2n)),
letting n→∞we obtain
ψ(d(Tu, u)) ≤ ψ(d(Tu, u))− ϕ(d(Tu, u))
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which implies ψ(d(Tu, u)) = 0. Hence, d(Tu, u) = 0 or Tu = u. Using that u is fixed point for T we have
ψ(d(u, Su)) = ψ(d(Tu, Su))
≤ ψ(M(u, u))− ϕ(M(u, u))
= ψ(d(u, Su))− ϕ(d(u, Su))
and using an argument similar to the above we conclude that d(u, Su) = 0 or u = Su.
4. If there exists another fixed point v ∈ X , then from
ψ(d(u, v)) = ψ(d(Tu, Sv))
≤ ψ(M(u, v))− ϕ(M(u, v))
= ψ(d(u, v))− ϕ(d(u, v))
we conclude that u = v.
The proof is completed. 
Two self-mappings defined in Theorem 2.1 may be called generalized (ψ, ϕ)-weak contractions. Then the theorem states
that generalized (ψ, ϕ)-weak contractions in complete metric space have a unique common fixed point. In particular, if we
take ψ(t) = t , then result of Theorem 1.3 is obtained.
The effectiveness of the generalization with respect to previous result may be seen from the fact that in the case ϕ(t) = t
Theorem 2.1 still holds, while relation (4) in Theorem 1.3 is useless.
Example. Let E = [0, 1] be endowed with the Euclidean metric d(x, y) = |x− y| and let Tx = 13x and Sx = 0 for each x ∈ E.
Then d(Tx, Sy) = 13x and
M(x, y) = max
{
|x− y|, 2
3
x, y,
1
2
(∣∣∣∣y− 13x
∣∣∣∣+ x)}
=

x− y, 0 ≤ y ≤ 1
3
x;
2
3
x,
1
3
x ≤ y ≤ 2
3
x;
y,
2
3
x < y ≤ 1.
For ψ(t) = 3t and ϕ(t) = t we have ψ(d(Tx, Sy)) = x and
ψ(M(x, y))− ϕ(M(x, y)) =

2x− 2y, 0 ≤ y ≤ 1
3
x;
4
3
x,
1
3
x ≤ y ≤ 2
3
x;
2y,
2
3
x < y ≤ 1.
Now we easily conclude that mappings T and S satisfy relation (6) in Theorem 2.1 and do not satisfy relation (4) in
Theorem 1.3.
Also, as a corollary, we have following result.
Theorem 2.2. Let (X, d) be a complete metric space and let T : X → X be a self-mappings satisfying the inequality
ψ(d(Tx, Ty)) ≤ ψ(M(x, y))− ϕ(M(x, y)), x, y ∈ X,
where M is given by
M(x, y) = max
{
d(x, y), d(Tx, x), d(Ty, y),
1
2
[d(y, Tx)+ d(x, Ty)]
}
and where ψ and ϕ are functions defined as in Theorem 2.1.
Remark. The use of control functions has opened the possibility of establishing new results in metric fixed point theory.
Some details of this line of research are given in [6] and references therein. Theorem 2.1 is another instance of such results.
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